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Monte Carlo integration methods

I[f]=an f (X)d%

see as an expectation: I[ f]=E[f(X)]
N

Monte Carlo : 1 ,[f]= %Z f(z)
i=1

{Z.}—is a sequence of random points in H"
Error: e=|I[f]-1,[f]

EN:(E(EZ))UZ:O- (f)_)

Nl/2

Convergence does not depent on dimensionality but it is slow

Improve MC convergence by decreasing o ( f)
Use variance reduction techniques:

antithetic variables; control variates;

stratified sampling — LHS sampling



Latin Hypercube sampling
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Latin Hypercube sampling is a type of Stratified Sampling.

To sample N points in d-dimensions

Divide each dimension in N equal intervals => N" subcubes.

Take one point in each of the subcubes so that being projected to
lower dimensions points do not overlap



Latin Hypercube sampling

{7}, k=1,...,n -independent random permutations of {1,..., N}
each uniformly distributed over all N! possible permutations

o\ k

LHS coordinates; ¢ =~ (1) N1+UI ,i=1..,N, k=1..,n
U’ ~ U(0,1)

LHS is built by superimposing well stratified one-dimensional

samples.
It cannot be expected to provide good uniformity properties
In a n-dimensional unit hypercube.
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Deficiencies of LHS sampling

I I 1 I I
ol I 1 I I
1 1 ] | 1
L e - = A= = = 4]
I 1 1 I I
1O 1 I I
I I i I I
Eiute Ratiel il il Bl iy
I 1 1 I I
I 1 © g I I
I I ' I I
T AT T T T T AT T T A
I 1 1 I I
I I 1 © I
1 ] 1 | 1
I I 1 I I
I I 1 9
R R Y D T T,
1 ] ] | 1
I 1 ' I 1o
I I 1 I I
[ 1 [ 1 1 [ 1 [ 1
| | ] | |
9 5 1 e A L 0
1 ] ] | 1
I 1 1ol I
I I 1 I I
e o o = = = = == = = o
1 ] ] | 1
(o | 1 ] 1 1
I I 1 I I
- === =T = === = -
1 ] ] | 1
I 1 Oy I I
I I 1 I I
i Dl e T e .
1 ] ] | 1
1 9y ' I I
I S T T TR T
1 I N 1 1
I T T
I 1 ' I I
I R Y D D S
1 I N I I
I ) ' | ' o
I 1 ' I I
[ 1 [ 1 | 1 [ 1 [ 1
| | 1 | |
g9 g ¥ £ Pl L O

L0

1) Space is badly explored (a)

2) Possible correlation between variables (b)

3) Points can not be sampled sequentially

> Not suited for integration



Discrepancy. Quasi Monte Carlo.

Discrepancy is a measure of deviation from uniformity:

Defintions: Q(y) e H", Q(¥) =[0,y,) x[0,y,) x... x[0, y,),
m(Q) — volume of Q

N
D, = sup I(il(y) m(Q)‘

Q(y)eH"

Random sequences: D, — (In In N)/NY? ~1/N"?

D, <c(d) (In N) — Low discrepancy sequences (LDS)
Convergence. gome =|[1ILF1-1,[f]<V(f)Dy,
O(In N)"
Somc = N

Assymptotically &, ~O(1/N) — much higher than




QMC. Sobol’ sequences

O(In N)"

Convergence: ¢ = —for all LDS

O(In N)™*

For Sobol' LDS: ¢ = Jif N =2, k —integer

Sobol' LDS:

1. Best uniformity of distribution as N goes to infinity.
2. Good distribution for fairly small initial sets.

3. A very fast computational algorithm.

"Preponderance of the experimental evidence amassed to date
points to Sobol' sequences as the most effective quasi-Monte Carlo
method for application in financial engineering."

Paul Glasserman, Monte Carlo Methods in Financial Engineering,
Springer, 2003



Sobol LDS. Property A and Property A

A low-discrepancy sequence is said to satisfy Property A if for any binary segment
(not an arbitrary subset) of the n-dimensional sequence of length 2" there is
exactly one point in each 2" hyper-octant that results from subdividing the unit
hypercube along each of its length extensions into half.

A low-discrepancy sequence is said to satisfy Property A’ if for any binary segment
(not an arbitrary subset) of the n-dimensional sequence of length 4" there is
exactly one point in each 4" hyper-octant that results from subdividing the unit
hypercube along each of its length extensions into four equal parts.
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Distributions of 4 points in two dimensions

MC ->

LHS ->

Sobol’ ->

Property A

No

No

Yes
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Distributions of 16 points in two dimensions

MC ->

LHS ->

Sobol’ ->

Property A’

No

No

Yes
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Comparison of Discrepancy |I.
Low Dimensions

0.1 T
MC ——
LHS ——

001 b Quesseel == 1 Use standard MC and ,
LHS generators

0.001 i

Sobol' sequence generator:

SobolSeq:

0.0001 ¢

1e-05 : : . : - —
128 256 512 1024 2048 4096 8192y 16384 32768

Log2(N)

Sobol' sequences satisfy

Properties A and A

0.01

Mo — 1 www.broda.co.uk
QMC-Sobol
0.001 |
Result:
QMC in low dimensions shows

0.0001

128 256 siz 10.24 20.48 40.96 81.92 16584 s276s MuUch smaller discrepancy than
Hog2(N) MC and LHS

12



ANOVA decomposition and Sensitivity Indices

Consider a model Y =f (x)
X Is a vector of input variables
- X = (X Xy sy X, )
f(x) is integrable
0<x <1

ANOVA decomposition:

Y:f(x):fo—l—ifi(x sz.,( i) J)"‘ +f1,2 ..... k(Xl’XZ""’Xk)’

I >

fi . (X X)) dxik =0, Vk, 1<k <s

I i

O e

Variance decomposition: 02 = Z i 02 +z i | 02 T.. 5122 n
[ ’ 1 T

Sobol* S1: |1 = ZS +> S;+ D> Sy +...+S, &

1< ] i< <l
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Sobol’ Sensitivity Indices (Sl)

Definition: |§ = =52 . /o?°
iy .0 iy .0
1
i i :Ifllz Is(x,l, . IS)dx ., X - partial variances
0 1
I( f dX - total variance
0

Sensitivity indices for subsets of variables: x=(y,z)

m
2 2
oy=2, 2. ..
s=1 (i (..(is)eK
ot

. 2
Total variance for a subset: (Gy ) =0’ —022

Corresponding global sensitivity indices:

S, =c2/0?, S (e e

y
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Effective dimensions

Let |u| be a cardinality of a set of variables u.

The effective dimension of f (x) in the superposition sense
IS the smallest integer d such that

S, =2(1-¢), e<<1
O<|u<ds

It means that f (x) iIs almost a sum of d.-dimensional functions.

The function f (x) has effective dimension in the truncation sense d- if
S,2(1-¢), e<<1

uc{1,2,...d; }
Important property: d; <d;

Example: f(x):zn: X; >ds =1 d; =n
i=1
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Classification of functions

Type A. Variables are
not equally important

S, o7
—L >> 2 > d; <<n
n, n,

Type B.

Dominant low order indices

Y S rledg<<n
=1

Type C. Dominant
higher order indices

Y S <<le>dg »n
=1
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When LHS is more effective than MC ?

ANOVA:  f(x)=fy+> fi(x)+r(x)
r(x) — high order interactions terms

LHS: E(e2,)= % [ Ireo)Tax +0(%) (Stein, 1987)

MC: E(gfﬂc)=%ZL”[fi('xi)]zdx+%jm[r(x)]zdx+0(%)

if an[r(x)]de is small < d. ( Type B functions )

— E(EEHS) < E(gl\zﬂc)
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Classification of functions

Function | Description Relationship d; ds | QMCis | LHSis

type between more more
S; and S efficient | efficient
than MC | than MC
A A few <<n [<<n Yes No
dominant S, n, >>S,°/n,
variables
B No =N <<n Yes Yes

unimportant
subsets; only
low-order
interaction
terms are
present

S,~S, Vij
S,/ St =1,V i

C No ~n ~n No No
unimportant
subsets; high-
order
interaction
terms are
present

S;=S,Vij
S;/S°t << 1, Vi
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How to monitor convergence of
MC, LHS and QMC calculations ?

The root mean square error is defined as

1 K 1/2
& :(_Z(Id - Iﬁ)zj
Ko
K is a number of independent runs

MC and LHS: all runs should be statistically independent ( use a
different seed point ).

QMC: for each run a different part of the Sobol' LDS was used (
start from a different index number ).

The root mean square error is approximated by the formula
ctN™, O<ax<l
MC: a=0.5
QMC: o<1
LHS: «? n



Integration error vs. N. Type A
(@) f(x) = D "oy (-1 T x, n=360, (b) f(x) = [1s_, | 4x-2|/(1+a}), n =100

0 +———— S ———
= MC (-0.50)
; 5 4 QMC-SOB (:0.94) ST T
1/2 : o
1 K ~—a o LHS (-0.52) y 7z
K2 —s I ——a >> <> <<n
=l =S —19) I e T
K N e 10 \.‘__\ - R L. ———m_ n n
k:l é ‘1--\_\ T—e— \.‘.—"l y z
< ' To—. - —
8 -15 L TR T
-20 P
-25
—_ - 8 11 14 17 20
e~N"“ O<axl oo
()
2 P — f P —
= MC (0.49)
'L:.f:"\_ A QMC-SOB  (0.65)
TeEl~s T~m_
T S o LHS (0.50)
- 6 i~ s
e B S
) B R T
1 = R
g S -
= .10 e T
S
®)
8 11 14 17 20
logz(N)
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8:(%20 —Iﬁ)zj

c~N“ O<axl

Integration error. Type A

T T
Sy Z
—>> L > 0; <<n
n, n,
Index Function Dim n Slope | Slope | Slope
MC | QMC | LHS
Z:(_]-)I XJ
1A = i1 360 0.50 0.94 0.52
11[ 4%, —2|+a,
2A -1 1+a 100 | 049 | 065 | 050
a,=a,=0
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Integration error vs. N. Type B

Dominant low order indices 'S, ~1<>dg <<n

i=1
. Mé: — (0152)‘
-8 "\L\_‘. A QMC-SOB  (0.96) ||
T ~cweo o LHS (0.69)
-~ L
S12 4o =a -
= e N B - nn—x
g R f)=1] :
3-16 T . iz =05
(a) %’ - _ - -t . i=1 '
-20 i = : n :360
24
8 11 14 17 20
log2(N)
RRE T I\%/IC‘ ‘(650)
8 R = 4 QMC-SOB (0.87)
e ey n
i R ° LHS (0.62) Un
o | TR S f00=T[@+ynx
S.12 T e s i=1
& RN
(b) 3 n =360
-16 et <~ -
-20
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Integration error. Type B functions

Y S ~le>dg <<n
i=1

Dominant low order indices

Index Function Dimn | Slope | Slope | Slope
MC | QMC | LHS
v N —X
1B 30 0.52 | 0.96 | 0.69
il:[l n—0.5
1) &
2B [1+—j [ Tyx 30 | 050 | 087 | 062
n i=1
1£[|4xi -2|+a
3B o 1+a 30 | 051 085 | 055
a; =6.52
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The integration error vs. N. Type C

Dominant higher order indices: D S <<le>dg ~n
i=1

B f;\;\_s . . M‘C — (0‘.47)‘
I 4 QMC-SOB  (0.64)
~. o 1
4 N TSea * LHS (0.50)
.\.\~ ) \"Qr\_\..
5 -6 T TE Sy
5 R TR 4% —2|+a
L T s I f (X) I | | — 0
%-8 - T~ ; i=1 1+a.
(a) S n
10 A
12 i=1
8 11 14 17 20
n=10
log2(N)
e —_—
-2 S = MC (0.49)
Sl Te=g - 4 QMC-SOB  (0.68)
4 = E\::J:_-\_ o LHS (0.51)
—~ -4 TR e
S 6 3 ‘r-":g_-:__t_\
:'_.)/ \'\.\_ '\:l'::_-g
T 0 RS o
) Ik N _ 1/n
(b) £ 0 T f(x)=@/2)""[[x
A -
-12 X =1
14 n=10
8 11 14 17 20
log2(N)
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Integration error for type C functions

Dominant higher order indices

Y S <<le>dg ~n
i=1

Index Function Dimn | Slope | Slope | Slope
MC | OQMC | LHS

n

1C []14x -2 10 | 047 | 064 | 050
i=1

n
2C (2)" T]x 10 | 049 | 068 | 051
i=1




n

2.(-1)

i=1

n =360

The integration error vs. N. Function 1A

j:

——MC —=— QMC —+— LHS — — Theoretical Value
-0.315
-0.320 !
X \
1 = -0.325
:'J) f\
< -0.330 ~
c
< PNZN : :
= -0.335 \
: VANV
)
§ -0.340 / /
LL
-0.345 V
-0.350 /
-0.355
0 2 4 6 8 10 12
log2 (N)

QMC: convergence is monotonic
MC and LHS: convergence curves are oscillating

QMC is 30 times faster than MC and LHS

LHS: it is not possible to incrementally add a new point while keeping
the old LHS design 26



Summary

Sobol’ sequences possess additional uniformity properties which MC and
LHS techniques do not have (Properties A and A’).

Comparison of L, discrepancies shows that the QMC method has the
lowest discrepancy in low dimensions ( up to 20).

QMC method outperforms MC and LHS for types A and B functions
(problems with low effective dimensions)
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Summary

LHS never outperforms QMC. LHS method outperforms MC only for type
B functions.

QMC remains the most efficient method among the three techniques for
non-uniform distributions

QMC should be preferred as
better theoretical properties (A, A’)
More important variables can be associated to leftmost columns

Seqguences can be extended (automated stopping rules)
Sequences can be replicated exactly
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